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Determination of the nozzle flow nowj-equires simultaneous
solution of Eqs (4, 10, and 14) for S ,̂ 5^ and u These
equations are closely related to the ordinary boundary-layer
integral equations; however, while u (the external velocity)
is usually known, the nozzle problem is complicated by the
fact that the variation of ue is itself dependent upon the solu-
tion of Eqs (10) and (14) since ue must satisfy Eq (4) for
the conservation of mass

In the turbulent case it will generally be necessary to intro-
duce empirical assumptions regarding the velocity distribu-
tion through the boundary layer and the skin friction co-
efficient The energy equation may be replaced by the as-
sumption that Crocco's relation between velocity and en-
thalpy is valid
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A Simple Geometric Method for
Analyzing Polarization States in

Photoelasticity

ROBERT MARK*
Princeton University, Piinceton, N J

IN the photoelastic model analysis of thin shells such as
those employed for typical rocket structures, it is fre-

quently necessary to account for the effect of rotating princi-
pal stress axes through the shell wall in regions where the
principal shell membrane forces are not acting along the same
axes as the principal bending moments The procedure
described in this note, which has had important application
in the field of crystal-optics1 and electrical engineering,2 can
be utilized to give particular solutions for the shell problem,
as well as providing clear understanding of other polarization
phenomena observed in general photoelasticity

Linearly polarized light passing through the strained
birefringent element shown in Fig 1 is split into components
along the principal stress axes x, and y The field Ey is seen
to lead Ex by the phase difference 5X, since the propagation
velocity through the strained element along the ^/-principal
stress axis is greater than that of the component along the
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Fig 1 Polarization output from a stiained birefiingeiit
element

x axis In this case, the y axis is referred to as the fast axis
of the element

The ratio of the amplitudes of the field components ax,ay de-
pends on the orientation of the element with respect to the
polarizing axis; the phase difference is a function of the wave-
length of the light employed, material properties and thickness
of the element dz, and the principal stress differences along the
light path These relationships are derived in standard
photoelasticity texts

Resolution of the components along the light beam z axis
at a particular instant forms a helix which when viewed from
the outer end of the beam is seen as an ellipse The "ellipti-
cal" polarization thus formed is defined as "right-handed" if
the helix has the form of a right-handed screw thread, and
left-handed if it is of the opposite hand

The state of polarization may be completely described by
giving its handedness along with the azimuth of the major
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axis of the ellipse 0 and the ratio of its semiaxes di/dz, known
as its ellipticity Furthermore, it can be shown that these
parameters can be represented by points on the surface of a
sphere of unit radius3 and that each point on the spherical
surface uniquely represents a particular polarization state P
The sphere, due to Poincare (1892), is shown in Fig 2b

Latitude a is related to ellipticity and handedness by

(1)

where a is positive for left-hand polarization and negative for
right-hand polarization Thus, the equator represents a de-
generation of the ellipse to linear polarization di/dz = 0 and
the poles represent circular polarization di/d% = 1

Longitude j3 is related to the azimuth of the ellipse by

]8 = 26 (2)

with positive sign convention shown in Fig 2b

Operation of the Sphere

The power of the Poincare sphere lies in its ability to pre-
dict the effect of a series of birefringent elements on polarized
light The sequence of sphere operation for each element in
the series is given by :4

1) The known polarization input Pn-i acting on the nth
element is plotted as a point on the sphere surface as previ-
ously outlined

2) A second point Rn is plotted on the equator with /3Rn =
20«, where 4>n represents the orientation of the fast axis of the
element

3) Rotate the sphere 2irdn about a radial vector drawn
through Rn such that an observer on the outside portion of
the vector observes a clockwise trace on the sphere beginning
atPn-i

The end of the trace represents the output polarization
state from the element and it may be used directly as Pn
for the next operation This process will be clarified by
considering the example below

Circular Polariscope

The standard arrangement of a circular polariscope, shown
schematically in Fig 2a, is set up for the analysis of a bire-
fringent element having a principal axis aligned with the
polarizer axis and a retardation of X/8 The polarized
light solution is plotted on the sphere in Fig 2b The out-
put from the second quaiter-wave plate is seen to be linear
and has its azimuth 63 = 3ir/8 The analyzer can then be
rotated to 64 = — (TT/S) to achieve complete extinction agree-
ing with well known results of tardy compensation The
reader may wish to confirm, by similar analysis, that when a
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Fig 4 Modified Poincare sphere

principal stress axis of the model is not aligned with the
polarizer axis, the output from the second quarter-wave
plate is elliptically polarized and that complete extinction is
not possible, a phenomenon often experienced by the photo-
elastician

Rotating Stress Field in a Thin Shell

The effect of rotation on polarization states of light passing
through a shell wall can be examined by considering the
wall to be composed of a series of skewed birefringent ele-
ments as shown in Fig 3 The output from the stack of
plates is then equivalent to that of the shell

As an example of this approach, consider the problem of a
rotated isoclinic in a thin shell Examination of an isoclinic
in a single element is performed by aligning a principal stress
plane with the axis of the polarizer and observing extinction
of the linear polarization passing through the element with
the crossed polariscope analyzer When observing a series
of skewed elements, one would expect a rotated isoclinic to
be developed and, hence, that it would not be observed
merely by crossing the analyzer A possible solution to
eliminate this difficulty could be the use of a reflecting
polariscope with a reflecting surface below the pile of ele-
ments Here the optic axes of both the first and last optical
elements in the reflecting pile are aligned so that isoclinics
might be observed in the usual manner The validity of this
approach may be evaluated by means of the Poincare sphere

In general, the rate of principal stress rotation through the
wall of a shell is not constant However, to simplify this
application, we will consider only examples of constant rota-
tion (d/\f/) = C A further simplification can be employed
by observing that we are concerned here only with isoclinic
analysis which implies states of linear or near-linear polariza-
tion di/dz -> 0 f As these are located in the region of the
equator on the sphere, our solution may be plotted on a linear
approximation of the developed equator region shown in
Fig 4

All the solutions plotted on Fig 4 are based on a total angle
of rotation of the stack of elements (2^) = 0 2 rad and the
use of a reflecting surface, hence the presence of ascending
and descending traces Individual solutions are based on
constant d/\l/ values of 10, 5, 1 0, and 0 1

The results indicate that elliptical polarization may be
produced over intermediate ranges of the parameter <5/<A and
that the proposed isoclinic viewing techniques would not
function in this range These conclusions are substantiated
by the work of Mindlin and Drucker5 6 for the higher range

Fig 3 Birefringent elements representing shell wall
f Isoclinic interference is experimentally observed for values

fe = 005 (a = 01)
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of f/^ and by Franz and Teepe7 using very low values of
f/^ Experimental confirmation also can be obtained from
analyzing a stack of skewed quarter-wave plates cut from
Polaroid quarter-wave plastic sheet

Complete light-solutions for the general shell problem may
be obtained with a train of matrices performing the opera-
tions of the sphere 4 The value of the approach outlined
here is that a clear visual conception of complex polarization
states is readily achieved; hence, the method of the sphere
may be quite useful in helping to formulate approaches for
final mathematical solutions
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MGD Space Propulsion System for
Lunar Missions
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IN a recent paper1 Brown and Nicoll have made a mission
study of arc jet and ion engines for lunar ferry missions

The calculations indicated that both engines offer payload
capabilities superior to the chemical and nuclear rocket
propulsion systems, particularly in the case of multitrip
ferry missions The present study of the mission capability
for an MGD propulsion system also shows the advantage in
using it for lunar ferry missions Compared with either an
ion engine or arc-jet engine the MGD propulsion system yields
either shorter trip duration or larger payload for equal power/
weight ratio Thus, an integrated MGD space propulsion sys-
tem needs to be investigated as a promising system for space
exploration

In order for the results of calculation to be meaningful and
comparable, a mission profile identical to that described in
Ref 1 is adopted

Starting with the characteristics of the MGD propulsion
system, the propulsion efficiency is obtained from the theo-
retical analysis of Ref 2 In Fig 1, the efficiency of the MGD
propulsor is presented together with those of the ion engine
and arc jet for comparison Then, for a given propulsion time
the specific weight of vehicle in Ib/kw can be found from the
simplified rocket equation for gravity free space For a
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Fig 1 Compaiative electric piopulsion performance

particular propulsion system the specific weights for the space
vehicle components such as guidance system, structure, fuel
storage, etc , can be estimated and the specific fuel weight
calculated for a given 7SP

Finally, the specific payload weight is obtained by sub-
tracting the sum total of these specific weights from the
specific weight of vehicle Repeated calculations for various
propulsion times and specific impulse values yields a series of
parametric mission performance curves showing payload
fraction and power to weight ratio

In Fig 2 the payload capabilities of MGD propulsion for a
round trip lunar mission are presented together with results of
Ref 1 for comparison purposes The specific weights for the
space vehicle components adapted in the calculations are as
follows: 1) power conversion system weight, 7 Ib/kw for the
1-10 mw power range; 2) power conditioning system weight,
3 Ib/kw (power transmission lines, switchgear, controls, start
ing devices, and any requirements for power transformation
or rectification); 3) propulsion system weight, 1 Ib/kw; 4)
guidance and control system weight = 0 3% W0 (initial
weight); 5) structural weight of spacecraft = 5% of empty
vehicle weight except fuel storage weight; 6) propellant
weight = (propulsiontime X thrust)/(/8P X power); and 7)
propellant storage and feed system weight = 12% of propellant
weight

It can be seen that the mission capability of the MGD
propulsion system lies approximately midway between that
of the arc jet and the ion engine The advantages of the MGD
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Fig 2 Payload capabilities for round-trip lunar missions


